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Assuming that T = [O, m). Let 's  examine the vector-functions se t  

{cp (Xi, x2, x3, x4, t)  = [a ( X i ,  x2, x3, x4, t ) ,  cp2 (XI ,  x2, x3, x4, t)]} , 

{$ ( X i ,  xz, x3, x4, t )  = [ + 1  (x1, x2, x3, x4, t) ,  $2 (x1, x2, x2, x4, t)]} , 

given fo r  R4 x T with values in R2, and the vector-functions se t  

given fo r  R4 x T with values in  R2, satisfying the following conditions: 

1. F o r  any + €{.+ ) and v €  {v) sys tem of equations 

has  a unique solution at any initial conditions 

2 2 2 2. v i  ( X i ,  x2, x3, x4, t)  t v2 ( X i ,  x 2 ,  x3, x4, t)  = u ( X i ,  x2) 

where u (xi, x2) and u (x3, x4) a r e  cer ta in  given s t r ic t ly  positive functions. 
Sets {+} and 
correspondingly. 

v i ,  satisfying 1-2, we will designate as E and TI 

For any 5, we will determine the differential game for  survival 
in  a norm-al form,  which we will designate conditionally as G 6, 71 . 0 

represents  an  antagonistic game of two faces and - 
se t s  TI and E represent  s e t s  of s t ra tegies  of 

games fs and E. 

Each situation ( v ,  + )  under the initial conditions 6, 71 unambigously 
cor responds  to  a specific solution of Equations ( l ) ,  called the game 
party, which we will designate a s  x (t).  
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In R4 is given a cer ta in  3-dimensional manifold M 

It is  assigned a specific, sufficiently smooth, r e a l  function b (x) 
l imited from below. 

The function of winning in each situation ( c p ,  $) i s  determined a s  
follows: let x(t) be the party i n  situation ( c p ,  $) and le t  

to = inf { t  : x ( t )  € M} and to < c o y  

then K ( c ,  q, c p ,  $)  = b  (x  (to) ). If there  is no point t ,  namely x ( t ) € M  
in the situation ( c p ,  JI ) ,  then 

K (E ,  q, c p ,  JI)  = a, where a < inf b (x). 
x € M  

Scarf' first investigated this type of game without limiting the 
games to  two s t ra tegies  per  set. 

Let us a s sume  that f o r  any initial position x there  is a game value 
in pure s t ra tegies  and that it is a constantly differentiated function of 
the initial position. 

Lemma 1 .  If in the game G 6, q i s  a situation of equilibrium in 
pure s t ra tegies  and the function V (x) represent ing the game value for  
survival with the initial position x, which is constantly differentiated, 
then i t  satisfies the experimental-differential  equation 

0 

a v .  a v  
(p2 + a 3  a x4 a x2 $1 + e J12] = 0, max min [ - ;;cpl + -  

cp1 cp2 $1 $2 

a t  the boundary condition 

V (x) = b (x) ,  for  x € M. 

Using ( 2 )  and condition 2 for  the s t ra tegy  it is  possible, utilizing 
the principle of indefinite factors ,  to  reduce our  ex t reme -differential 
equation to  a differential equation in par t ia l  der ivat ives  of the f i r s t  
order .  

IG. E. Scarf. ON DIFFERENTIAL GAMES WITH SURVIVAL PAY - 
OFF. Ann. of Math. Studies No. 39, Princeton, 1957. 
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F o r  calculation 

a v  * a v  :k 

lc12 1 9 2  t -  $1 t- 
a v  a v  
a xl a x2 a x3 a -  max [ - t - 

q 1  92 

under conditions 

2 2 2  
v1 t 9 2  = u (a, x 2 )  

and 

under condition 

we use the Lagrange principle of indefinite fac tors  according to which 
the ex t reme point should satisfy system 

:$ ::: 
F r o m  it, af ter  excluding X p ,  X E ,  92, $ 2 ,  we obtain 

F r o m  2 we will immediately obtain a l so  the expression for  optimal 
s t ra teg ies  
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* a v  
a x1 Here, for C P ~ . ,  the root sign is assumed to  be equal to symbol -, 

* a v  
a 3 -  

and for $1 the root sign is assumed to  be opposed to 

4 0, then a v  a v  
ax1 * ax, If- 

we obtain 

We come to the conclusion that the game function value V (x) 
should be the solution of the Couchy problem for  the Equation (5)  at 
the boundary condition V (x) I = b (x). 

M 

If u and v a r e  interpreted as  velocities of games z a n d  P, then 
the obtained equation has  an  interesting theoretical-game sense.  

"The g rea t e r  the velocity of the game, the l e s s  the winning function 
at its deviation f rom the optimal s t ra tegy is subjected to  change". 

It can be shown that the solution of the Couchy problem for  
Equation ( 5 )  appears  to  be a sufficient condition of the existence of a 
constantly differentiated value of the game. 
charac te r i s t ic  theorem: 

This yields the following 

Theorem. In o rde r  for  the game G ( 6 ,  q) to  have a constantly 
differentiated value in pure s t ra tegies ,  it is  necessary  and sufficient 
that the Couchy problem for  the equation 

a t  the boundary condition 

V (x) = b (x) for x € M 

have the solution. 
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The solution of the Couchy problem for  a general ,  quasil inear 
equation in par t ia l  derivatives of the f i r s t  o rder  can  be found by the 
Couchy method2. 
M and functions v (x), 
Nevertheless,  in numerous concrete problems of pursuit  for  survival 
the existence and a constant differentiation of the game function value 
come f rom theoretical-game calculations. Then, according to  the 
theorem, a solution of the Couchy problem for  the Equation ( 5 )  exis ts  
and is used for  locating the game value V (x )  and.the optimal s t ra tegies  
for  games and r. 

Here  a r e  given specific conditions for the manifold 
u (x),  and b (x) where this solution exists. 

2R. Curant. EQUATIONS WITH PARTIAL DERIVATIVES, M. ,  1964. 
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